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Hertzian crack analysis in alumina–chromium composites
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Abstract

Ceramic metal composites are of interest for their good resistance to crack propagation. We have prepared different kinds of alumina chromium
composites, observed their microstructures and made an analysis of Hertzian cracks in order to identify the principle parameters of crack
propagation in relation with the metallic phase size and distribution in the matrix. The crack is analysed at two scales, a macroscopic one to
estimate the fracture toughness from the overall crack and a microscopic one to study, at the local level, the influence of the metallic phase on
crack propagation. Using macroscopic models the fracture toughness estimation highlights the benefit of the presence of chromium particles.
Observations and measurements made on the crack path and metallic phase, from the microstructure analysis, combined with the knowledge
of the residual stress state, provide the principal parameters governing crack propagation in these composites.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Al2O3–metal composites are known for their improved
mechanical properties as compared to pure alumina.
Their production by hot pressing of mechanosynthesized
nanocomposite powders allows obtaining dense, homo-
geneous ceramic-metal materials containing high metal
contents.1 The optimisation of the properties of these ma-
terials requires controlling the size and morphology of the
reinforcing phase but also a good knowledge of the inter-
action between a propagating crack and the microstructure.
In this work, we analyse Hertzian cracks made in alumina
chromium composite which are heterogerenous material,
to investigate their mechanical behaviours. The analysis
takes into account all error sources due to specificity of the
materials. Hertzian indentation is used for its experimental
simplicity and well defined crack geometry compared to
other techniques, such as Vickers indentation.2 Hertzian
indentation is also a technique that has not been tested
on heterogenous materials. Results from indentations and
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micromechanical analysis3 are used for the interpretation
of relations between microstructure, mechanical state and
crack paths in the composites.

The first part of the paper will describe the samples, their
elaboration and a microstructural analysis of the different
types of composites. The second part deals with the experi-
mental set-up and a reminder of the Hertzian test. The third
part presents the results of crack analysis at a macroscopic
and a microscopic scale and analyses the crack propagation
in relation with the microstructure and the local residual
state of stress.

2. Sample preparation

The materials under study here are composites prepared
by mechanical alloying.1,4 The starting powders are metal-
lic aluminium, alumina and chromium oxide. High-energy
milling is carried out in a planetary ball mill with steel balls.
This mechanical process allows to synthesize a chromium-
alumina composite through the following reaction:

2Al + Cr2O3(+Al2O3) → 2Cr+ Al2O3

0955-2219/$ – see front matter. © 2004 Elsevier Ltd. All rights reserved.
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Fig. 1. SEM images of alumina chromium composites: (a) 9%, (b) 21%, and (c) 36% type I.

The proportion of powders is chosen to yield various vol-
ume fractions of metallic phase between 9 and 36%. In or-
der to obtain dense samples, the powders are hot pressed in
a graphite die at 1450◦ C in argon atmosphere. X-ray anal-
ysis has confirmed that the composites are made of an alu-

Fig. 2. X-ray microtomography of a composite containing 21 vol.% of chromium, volume size: 408�m ×800�m ×151�m.

mina matrix and metallic chromium particles. Chromium
has been chosen due to the direct reduction of chromium ox-
ide by aluminium leading to metallic chromium and alumina
as outlined above. The complete solubility of Al2O3 and
Cr2O3 is favourable to obtain highly dense composites with
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strong interfaces. No measurements have been made to eval-
uate interface strengths: this kind of experiments would be
very complex on these particular microstructures. We have
assumed that the strength of the interface is high because
no particle decohesion has been observed during SEM or
tomographic analysis (perhaps because of their small sizes)
and also in considerations of the particular processing routes
which was followed, involving in situ oxide metal reaction
that yields fresh, presumably cleaner interfaces as compared
to more conventional straight hot pressing.

Four types of samples have been used for this study. For
the first three types, only the volume fraction of chromium
has been modified, keeping the processing route unchanged:
the chromium amount was 9, 21 and 36 vol.%. For the last
sample, we kept a chromium volume fraction of 36%, modi-
fying the processing route. Our usual processing is mechan-
ical alloying consisting of four cycles of one hour at a speed
of 360 rpm with 15 min break. The modified route consists
of 16 cycles of 15 min at 360 rpm and 15 min break and, dur-
ing these breaks, powders are scraped from the jar surface.
The samples with 36% volume fraction of chromium thus
will be called 36% type I for “usual” route and 36% type II
for the modified route.

Dense composite microstructures, observed by the Scan-
ning Electron Microscope (SEM) back scattered mode, are
shown on Fig. 1. The metallic phase (in white on images) is
dispersed in the alumina matrix. Chromium particles have
complex shapes and wide size distributions. A few percent of
residual porosity is also to be noted, a part of these porosites
are due to alumina grain pull out during polishing. Using
Archimedes’ method, the amount of porosity in the com-
posites has been estimated to be less than 3%.

This overall architecture bas been confirmed by X-ray to-
mography images such as that on Fig. 2, where we can see
a homogenous dispersion of small particles with some of
large size.5 The size distribution has been determined by im-
age processing. Fig. 3 shows the corresponding data for the

Fig. 3. Metallic particle size distributions (from SEM observations).

different samples. From this figure, it appears that modify-
ing the volume fraction of chromium has a direct influence
on the size distribution, and modification of the processing
route can also be used to alter this distribution. By adjust-
ing the relative proportion of particles of different size, the
microstructure in principle may be optimised with regards
to residual stresses in the alumina matrix and the chromium
particles, respectively. Because of the mismatch between
thermal expansion coefficients of alumina and chromium,6,7

alumina is globally under compression and chromium par-
ticles are in tension.3,8 The existence of residual stresses
in the matrix and particles may, due also to the shape of
particles, lead to cracks being attracted by the particles, as
pointed out by Ji and Yeomans.9

A more complete microstructural analysis of the alumina
chromium composites can be found elsewhere.3

3. Experimental set-up—principle of Hertzian
indentation

Several a priori criteria were thought appropriate
for selecting an experimental procedure to investigate
crack/microstructure interactions in the present composites.

• crack propagation must be stable.
• the crack geometry must be simple and single.
• the mechanical state produced by the external loading

must be well defined, possibly analytically.
• a simple set-up to operate and a simple procedure to pre-

pare test-samples.

From a literature review, it appears that Hertzian inden-
tation meets all these criteria in our case. Other indentation
methods raise some difficulties. Vickers or Knoop indenta-
tions have a more complicated geometry and multiple cracks
occur during loading and unloading,2 Single Edge Notched
Beam (SENB) and Single Edge Precrack Beam (SEPB)
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Fig. 4. Principle and experimental scheme of Hertzian indentation.

require delicate sample preparation.10–15 The problems are
similar when using flexion with pre-cracked samples,16–19

the compact tension method20–22 or the Double cantilever
method.23,24 The Miniaturized Disk-Bend Test is analogous
to Hertzian but due to the sample size, analysis of crack prop-
agation within the sample is not easy.25,26 Advantages of
Hertzian indentation include its well established basis.27–29

Crack shape and stress field are well known for homogenous
materials.30–33 The determination of fracture toughness by
this method has been applied to several ceramic34–36 or glass
materials.32,37

The principle of Hertzian indentation is to press a spher-
ical indenter on the surface of a flat, well polished, sample.
When the load reaches a critical value, a crack appears at
the surface of the sample. This crack is circular due to the
indenter geometry. If the load is increased over its critical
value, the circular crack enters the sample and develops in
the form of a conical crack, until loading ceases. Fig. 4 shows
the different steps of the Hertzian indentation. In principle,
no cracking is anticipated during unloading. But there may
appear exceptions, e.g. in relation with particular ranges of
loading/unloading rate.38,39

In the present work, indentations have been performed
with a mechanical testing machine (Instron type 1185), op-
erating in compression, with a load cell of 5 kN or 10 kN,
depending on the sample, and a resolution of±10 N and
±20 N, respectively. The displacement rate of the crossbeam
was set to 1�m or 2�m per second up to a maximum load.
This load was maintained for times of 1–50 s. Unloading
has been programmed with a high speed of the crossbeam
or with the same displacement velocity as during loading to
assure the presence of a cone crack. Fig. 5 shows a typical
loading cycle. These testing conditions are close to those
usually reported in the literature.31,32

Fig. 5. Indentation cycle for alumina chromium composites.

Indenters made of WC-Co have been used (Young’s mod-
ulus 628 GPa, Poisson’s ratio 0.212 and radius 4 mm). This
kind of indenters has been chosen for its mechanical prop-
erties similar to alumina/chromium composites, in order
to reduce non-desirable effects, such as friction, that were
identified during Hertzian test on float glass in a previous
study.40 After indentation, radii of the surface circular cracks
were measured then samples were cut through the middle of
the circular crack to observe the cone crack after polishing.
The angle (measured with reference to the sample surface)
and the length of the cone can then be measured, keeping
in mind that the latter may be influenced by the cutting and
polishing operations, as it will be discussed further below.

4. Results and discussion

In this section, we offer an analysis of the Hertzian crack
in our composites at two scales. The first is a macroscopic
scale, which is in accordance with the expected overall cone
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Fig. 6. Optical microscopy of circular surface crack.

crack geometry for seemingly homogenous materials and the
second is the microscopic scale, where the microstructure
level and heterogeneity come into play.

4.1. Macroscopic analysis—surface and cone crack
analysis

Fig. 6 shows some views of the surface crack in different
kinds of alumina chromium composites. Images show that
a crack has a well defined circular shape and that its radius
can be easily measured (this radius will be notedrc in the
analysis). The results of circular crack radius measurements
are plotted on Fig. 7, versus applied load for these various
types of composites. Also shown as straight lines on Fig. 7
are the corresponding radii of the contact area (noteda) as
calculated from the following expression.27,31,32,41

a = 3

√
4kPR

3E2
and k = 9

16

[(
1 − ν2

1

)
+
(
1 − ν2

2

) E2

E1

]

Fig. 7. Observed circular crack radius (rc) and calculated contact radii (a) for the different samples.

Fig. 8. Scanning electron microscopy of Hertzian cone crack.

whereE is Young’s modulus,ν is Poisson’s ratio,P is the
indentation load andR is the indenter radius, indexes 1 and
2 correspond to the indenter and sample, respectively.

For all kinds of composites, the measured crack radii are
larger than the contact ones, as has been already noted in
literature.31,42,43 This effect confirms the fact that cracks
initiate at a load value close to the maximum load applied
to the sample and not in the first part of loading.

Typical examples of cone cracks in the alumina chromium
composite are shown on Fig. 8. When examined at such
low magnification, it seems that crack propagation was not
disturbed by the sample microstructure. As a first approx-
imation, it seems possible to rely on existing models for
estimating the fracture toughness of the composites.

We followed two approaches which we previously vali-
dated for the case of float glass:40 one based on the analy-
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Table 1
Fracture toughness estimation for alumina chromium composites

Warren
(minimum)

Warren
(maximum)

Franck and
Lawn

9% 6.9 ± 1.0 9.9 ± 1.0 6.1± 0.6
21% 7.8 ± 1.1 11.2± 1.1 7.2± 0.7
36% I 7.3 ± 1.2 10.6± 1.2 12.7± 1.2
36% II 7.8 ± 1.2 12.5± 1.2 13.0± 1.3

Minimum and maximum values of Warren’s model correspond toβ = 1.1
or 1.4, respectively.

sis of the surface circular crack, as proposed by Warren37

and one based on the full cone crack analysis as proposed
by Franck and Lawn.30,43 Float glass has been used to test
the Hertzian indentation because this materials is an indus-
trial standard and has been studied by many authors using
different techniques (Vickers indentation13,18,44 or Hertzian
test31,32,37) and the fracture toughness value is commonly
assumed to be 0.75 MPa m1/2. A short reminder of the mod-
els is presented in Appendix A

Results for the fracture toughness of the composite are
presented in Table 1, which shows that incorporating a
metallic phase in the alumina matrix leads to an increase
of the fracture toughness. Value for alumina must be taken
as a reference, it corresponds to generally admitted frac-
ture toughness for alumina with grain size of 1�m. This
increase has also been observed by other techniques.1 Val-
ues of fracture toughness values obtained by others authors
on composites with equivalent (20%) chromium amount
and similar processing techniques1,9 are presented in
Table 2.

From this figure, we can note that our fracture toughness
estimated from Franck and Lawn’s model and minimal value
of Warren’s model are of the same magnitude than those
obtained by Vickers indentation and/or SENB and Vickers
indentation.1,9 Comparison of individual values from the
different indentation tests, shows that using Warren’s model
provides relatively stable values whereas Franck and Lawn’s
model gives fracture toughness values which increase with
the indentation load. This feature is a consequence of the

Table 2
Comparison of alumina chromium composites fracture toughness with
other equivalent composites1,9

Sample Fracture toughness
(MPa m1/2)

Pure Al2O3 4.0

Ji and Yeomans study9 (Vickers indentation)
SC Al2O3–Cr 5.0 ± 0.7
SF Al2O3–Cr 6.2 ± 0.8
HP Al2O3–Cr 7.1 ± 1.1

Guichard et al. study1—Al2O3–Cr 21%
Using Vickers indentation 7.0 ± 0.4
Using SENB method 7.2 ± 0.0

model, as it relies on the stress field induced by the maximum
load (see appendix).

Discussion about the two models37,42 used for the fracture
toughness determination are presented in Appendix B

As a consequence of the fracture toughness determina-
tion from two models, the fracture toughness of our alu-
mina chromium composites determined here by Hertzian in-
dentation may be considered as reasonable estimates rather
than absolute values. A significant increase of mechanical
properties of alumina due to the metallic phase is nonethe-
less confirmed and it is felt that Warren’s model is closer
to the real fracture toughness of the composites, because it
is based on the circular crack at the surface. On the con-
trary, Franck and Lawn’s model which relies on the analy-
sis of the whole crack is sensitive to other effects as they
have influenced the progressive development of the full cone
crack. Such difficulties or artefacts would likely be simi-
lar if sharp indenters were used instead of spherical ones.
Further work would be needed to clarify the corresponding
issues.

4.2. Microscopic analysis

4.2.1. Crack-particle interaction

4.2.1.1. Observations of the crack path.If on the macro-
scopic scale, the crack path does not seem to be influenced
by the metallic phase, the latter has an effect on the me-
chanical properties of composites as evidenced by their
fracture toughness. Thus, upon closer examination of mi-
crostructures (Fig. 9) interactions between crack and parti-
cles become more evident. Various propagation cases can
be identified from these observations, and are exemplified
on Fig. 9. Beyond some distance from the main crack line
no interaction is noticeable. However, when the crack runs
close to a particle it may either reach it and possibly induce
some deformation of the metal, or be deflected away pos-
sibly with some decohesion at the matrix/particle interface.
Using image processing, we determined the sizes of both
categories of particles. The results are presented on Fig. 10
and for comparison the size distributions of the entire popu-
lations are also shown. The composite with 9% of chromium
is not reported due to poor statistics. For example, for this
composite, the number of particles for which decohesion
and deformation occur are 22 and 16, respectively. For the
other composites, these numbers are between 200 and 360
particles for decohesion and 56 to 73 when deformation is
detected. On Fig. 10, it may be noted that large particles have
a greater tendency to be reached by the crack and deformed
whereas smaller particles are more likely to be bypassed.

In addition to the size effect, observations made on SEM
images point to an orientation effect of the chromium par-
ticles. When a particle is elongated in the direction of the
crack propagation, the crack tends to bypass the particle and
when the particle is elongated in the direction perpendicular
to the crack propagation, the particle tends to be deformed.
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Fig. 9. SEM image of the crack path in a 9% chromium composite.

these features of crack/particle interactions may be rational-
ized as follows.

4.2.1.2. Micromechanical analysis.In previous studies3,8

we have analysed the residual state of stress in the compos-

Fig. 10. Particles size distributions along cone cracks.

ites using a micromechanical approach. In order to study, the
stress field evolution during Hertzian indentation, we have
surperposed to this stress field, a stress field equivalent to
the stress that develop in the microstructure during Hertzian
indentation (as calculated from theory31). This approach is
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Fig. 11. Simple case of particle and crack interaction.

a strong simplification of the real case, so it must be taken
as a first approach of the stress and crack behaviour in this
particular microstructure. Using the cumulation of the two
stress fields, it is possible to evaluate the orientation effect
of particles on crack propagation. From microscopic obser-
vations, we have identified two limiting cases for particle
orientation. We will consider metallic particles with ellip-
soidal shape, which is more frequent for particles with size
greater than the crack opening, these kind of particles can
more easily interact with the crack. Conversely, the spheri-
cal shape is common for smaller particles. The two limiting
cases which will be considered are schematically shown on
Fig. 11. Assuming that crack propagation takes places in
mode I under the effect of Hertzian load and residual stresses
in alumina–chromium composites, we have also assumed
Hertzian loads close to those used during experiments, typ-
ically up to 1000 MPa. For calculations, we used three di-
mensional models representing an ellipsoidal metallic parti-
cle in the matrix. External faces of the cell are supposed to
be free to deform and the volume of the particle represents
3.5% of the entire cell. Let us recall that the major results
from the micromechanical model without external load, is
that chromium particles are in tension and alumina in com-
pression and that stress levels are dependant upon volume
fraction and particle shape.3,8

Here we only are interested in profiles, corresponding to
the stress responsible for mode I propagation. The profiles

Fig. 12.σ11 stress profile on the major axis of the ellipsoid for different applied loads.

are plotted along a symmetry axis of the particles. So, for
the particle oriented along the crack direction,σ11 is shown
in Fig. 12 andσ33 in Fig. 13 for the particle oriented in the
perpendicular direction, respectively. The crack is supposed
to propagate from right to left on both figures. See Ref. [3]
for more details on the calculations.

Fig. 12 corresponds to a case where some decohesion at
the interface appears. Under no applied load, the alumina
matrix is in compression and the level of compression is
maximum at the metal–ceramic interface. When the ap-
plied load is increased, away from the particle, the stress
becomes tensile hence favourable to crack propagation.
But in the vicinity of the interface, for low load levels, the
stress is still compressive which yields to crack deviation.45

When the load reaches higher levels,σ11 is tensile in the
matrix, but near the interface, the level remains lower
than the one far from the particle. Therefore, in this case,
the stress level in the particle has no influence on crack
propagation because the crack does not reach the particle,
and is deflected as suggested by experimental observation
(Fig. 9).

On the other hand, when the particle is elongated in the
perpendicular direction to the crack propagation, experimen-
tal observations are indicative of deformation of the particle
rather than decohesion at the interface. The stress profile on
Fig. 13 shows that in the absence of external load, alumina
is in compression. With the increase of load, the stress in the
matrix becomes tensile with higher level near the interface
than at the cell boundary. When the crack is propagating,
the tensile stress field is favourable to its propagation and in
that case the crack reaches the particle. As the stress level
in the particle is high and in tension, the particle can be
deformed.

A similar analysis can be made with particles of concave
shape. In previous work,3,8 we have shown that when a
particle has a concave shape and when chromium has an
elastoplastic behaviour, the matrix becomes tensile in the
concavity. This region with tensile stress is favourable for
particle deformation, as concavities on the metallic particles
may be seen as traps for cracks.
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Fig. 13.σ33 stress profile on the minor axis of the ellipsoid for different applied loads.

4.2.2. Crack trajectory
Bearing in mind this crack/particle interactions we may

before closing consider again the overall cone crack paths.
As mentioned, the average value of cone angle is 20◦, in

all of our composites, with extremes of 15◦ and 25◦. In the
literature, two approaches have been used to estimated the
cone angle. One by Lawn et al.46 who calculated the cone
angle from the theoretical stress field, and another one by
Kocer and Collins47 who considers the crack trajectory to
results from a maximum energy release rate criterion, in ac-
cordance with an advanced stress field evolving with crack
propagation. Here, we have simulated the crack trajectory
from the Hertzian stress field using a maximum energy re-
lease rate criterion, but with less sophistication than Kocer
in that no relaxation of the initial stress field during crack
advance is provided for (see Appendix C). Fig. 14 shows
typical examples of real crack trajectories observed in the
composites, and the corresponding simulated ones.

Again, two kinds of situations can be identified:

• If particles of large size are present close to the crack
trajectory and are suitably oriented with respect to the
crack direction, their stress field8 induces a change in such
direction. Subsequently, after overriding or bypassing the
particle, the crack tends to recover its previous orientation.

• If no particle of large size is present close to the crack
trajectory, then the latter matches the simulated one, as in

Fig. 14. Comparison of simulated and real trajectory in alumina chromium composites. Ellipsoidal mark indicates positions of large particles.

the case of the crack in the 9% composite (trajectory (2)
on Fig. 14a).

Considering its simplicity, our simulation may be ex-
pected to yield results somewhat at variance with experi-
ment, even for the ideal case of a single phase homogeneous
material46,47 not with standing the presence of chromium
inclusions. However, when no large particles are present in
the vicinity of the propagating crack, both simulation and
experiment are not too far apart, it being kept in mind that
the former is represented on a diametral plane, whereas the
plane of observation may be off-centered due to sample
preparation.

Such discrepancies between simulations and observations
may also be estimated in terms of differences in the respec-
tive crack openingσ1 stress levels. thus, for the 9% compos-
ite (Fig. 14a) the≈40 MPa difference in the favourable case
becomes≈350 MPa in the vicinity of the large particles;
i.e. about 50% of the applied indentation stress, decreasing
again to≈20% beyond them, when the crack straightens out
again. Similar behaviours are noted for higher chromium
volume fractions (Fig. 14b) but more pronounced since
indentation stress levels also are higher. In summary, the
preceding discussion shows that qualitatively at least the
maximum energy release rate criterion adequately describes
crack propagation at sufficient distance from large particles
whereas close to the particle, their associated stress fields
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Table 3
Crack length and bandwidth for the different samples

Chromium
volume fraction

Crack length (�m) Bandwidth (�m)

9% 80 4.00
288 6.40
354 8.57
463 8.18

21% 174 1.74
243 3.48
558 12.56

36% I 116 2.58
671 8.39

may become dominant over the externally applied Hertzian
stress,8 inducing some wandering in the crack trajectory.
This effect may be quantified via the definition of an enve-
lope in which the crack path is seen to fluctuate. The cor-
responding bandwidth of this envelope has been estimated
at various distances down from the outer surface (Table 3),
and it seems to increase with the overall crack length, con-
sistent with the fact that the applied Hertzian stress tends to
decrease with depth into the sample to eventually become
comparable or even smaller than local large particle residual
stresses.

5. Conclusion

Using Hertzian indentation on alumina chromium com-
posites, we have identified the principal parameters that
characterise crack development in relation with the mi-
crostructure. Improvement of the mechanical properties of
alumina by metallic particle addition has been assessed
by estimating the fracture toughness from a macroscopic
analysis of the crack. From a microscopic analysis of the
crack, the importance of particle size distribution has been
evidenced.

Using micromechanical calculations, we have analysed
the influence of the local stress field around the particles
on the crack propagation and shown that the behaviour of
the crack is influenced by such stress field, itself depending
upon particle shape and orientation. For the sake of sim-
plicity, calculations have assumed alumina and chromium
to be pure, with elastic and elastoplastic behaviours, respec-
tively. Reality is somewhat more complex chemically speak-
ing, and a more detailed analysis carried out elsewhere3 has
shown that in all cases, the calculated residual stress levels
and evolutions are accurate within 10%.

The micromechanical approach correlated with the mi-
crostructure analysis can be used to rationalize results ob-
tained on other composites of similar nature. For example,
Sun and Yeomans48 have investigated the fracture toughness
of Al2O3–Ni composites with various microstructures. They
found that composites with rough interfaces have higher
fracture toughness than composites containing metallic par-

ticles with regular shapes. The increase of fracture tough-
ness due to the former type of microstructure could have
been anticipated. The mechanical properties of nickel and
chromium are rather similar, thus the stress fields should
have similar distributions. According to our calculations, it
can be predicted that the crack will be trapped by the parti-
cles with rough interface, the tendency for these particles to
dissipate energy by deformation is higher, so fracture tough-
ness of the composite is increased, as in our case.

In summary, the present work is believed to have brought
to evidence some essential microstructural parameters on
features governing crack propagation; i.e. particle size,
orientation and shape, with some quantification of their re-
spective effects. Some basis for designing improved, if not
optimal, microstructures leading to high fracture toughness
is now available, and possibly applicable to a whole range
of ceramic–metal composites.
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Appendix A. Models for fracture toughness
determination with Hertzian crack

In Warren’s approach,37 fracture toughness is obtained
from the following formula:

KIc =
(

E∗Pmin

Pmin
FN R

)1/2

where
1

E∗ = 1 − ν2
2

E2
+ 1 − ν2

1

E1

where,R is the indenter radius,Pmin is the minimal load for
surface crack propagation andPmin

FN is a constant depending
on the sample and indenter mechanical properties.37 In our
set-up, the determination ofPmin is not easy, due the poor
resolution of the test machine. As the surface crack appears
in a range of 1.1–1.4 time the contact area,28,31,42 we esti-
matedPmin for these two values on starting radii.

Pmin = 3Esamplea
3

4kR
with a = rc

β
and β = 1.1 or 1.4

whererc is the radius of the surface crack.
In Franck and Lawn’s model, fracture toughness is deter-

mined by:

KIc = 2
(c0

π

)1/2
∫ c0

0

σ1(c)(
c2

0 − c2
)1/2

dc

wherec0 is the cone crack length andσ1 is the first principal
stress along the crack.

The fracture toughness determination by both models, par-
ticularly Franck and Lawn’s one requires the knowledge of
the mechanical state in the composite. This mechanical state
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Table A.1
Mechanical properties of alumina chromium composites

Sample Young’s
modulus (GPa)

Poisson’s
ratio

PFN
min

Al2O3 402 0.25 2539
Al2O3–9% 389 0.25 2539
Al2O3–21% 374 0.24 2457
Al2O3–36% I and II 356 0.24 2367
WC–Co (indenter) 628 0.21 2069

can be calculated by a system of equations31,46,49 using the
mechanical properties of the composites. These properties
were determined by ultrasonic methods4 and are presented
in Table A.1.

Appendix B. Models discussion

The precise determination of the fracture toughness of
alumina chromium composites is delicate. From the exper-
imental point of view, there exist different error sources for
both models. For example, our number of data points is less
than the 25 test values recommended by Warren37 in order
to reach accurate enoughPmin values. Due to the resolu-
tion of the testing machine, no effect on the load curve due
of the crack propagation could be detected. For Franck and
Lawn’s model, errors come from the determination of the
crack length and crack angle. As our samples are not trans-
parent, they have been cut for the measurement. This opera-
tion can trigger further crack propagation, possibly outlined
by some cone angle modification along the crack.

Another source of error comes from the calculation of the
mechanical state. The calculations are extremely dependent
on the sample and indenter mechanical properties, by way
of the constantPmin

FN in Warren’s model or theσ1 stress

Fig. B.1. Evolution of contact area radius and rate vs. time.

in Franck and Lawn’s model. As the crack is principally
located in the matrix, we have quantified this effect by using
the mechanical properties (Young’s modulus and Poisson’s
ratio) of pure alumina instead of the ones of composites for
the Franck and Lawn’s model. The calculation made with the
mechanical properties of the composites lead to a difference
on the fracture toughness of 3% for the 9 vol.% composite,
9% and 15% for the composite containing 36% type I and
II, respectively.3

The Franck and Lawn model also depends upon the cone
crack angle. In our composite this angle is not truly constant
as in the case of homogenous materials such as glass. For
example, the cone angle is 20◦ and 17◦ for the 9 and 21 vol.%
composites, respectively. As the mechanical properties of
the sample are very close (see Table A.1), smaller variations
on the cone angle would have been expected. This variation
may be in relation with the microstructure of the composite
and its influence on the onset of crack propagation.

Another effect that can modify the fracture toughness
value is friction between indenter and sample.41 If both have
different mechanical properties, it may lead to an overesti-
mation of the fracture toughness when the Poisson’s ratio of
the sample is lower than the one of the indenter. Conversely,
the fracture toughness could be underestimated in our case.

The external loading rate can also have an influence on
the determination of the fracture toughness. In this study, no
significant modification of the behaviour was noted when
using different loading rates on the composites, although
subcritical or slow cracking can not be ruled out. ThusṖ

has not been taken into account in this work, but it can have
an influence on crack propagation due to the existence of
a relation betweeṅa and Ṗ .50 This relation implies that at
constant load rate, as in our case, the contact area radius
rate decreases with time to be nearly constant when the
maximum load is reached, as highlighted by Fig. B.1. Since
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at the same time, the cone surface increases, then a decrease
of the crack propagation rate may result. But this effect has
not been further investigated in the present work.

Finally, although it is generally admitted that fully dense
fine grain size (≈1�m) alumina has a single valued tough-
ness or in other words, does not exhibit R-curve effect,51

such a behaviour has been observed in composites such
as ours using other techniques (Vickers indentation and
DCB).1,9 Evaluation of the R-curve behaviour is difficult in
the case of Hertzian indentation because the sample needs
to be cut for the observation of the crack, contrary to DCB
or Vickers indentation, and the cut can result in an overes-
timation of the crack length, as already mentioned. Neither
has R-curve behaviour been experimentally assessed in the
present work.

Appendix C. Crack trajectory simulation during
Hertzian contact

During an Hertzian contact, in the Franck and Lawn’s
model,30,43 crack is propagating along theσ3 principal stress
perpendicular to theσ1 principal stress. Our simulation are
based on the following assumptions:

(i) the presence of the crack does not disturb the stress
field.

(ii) the cone crack develops with aσ1 principal stress al-
ways normal to the crack trajectory.

(iii) the initial surface crack can be neglected in regard to
its size versus the cone length.

If this model is sufficient to estimate the fracture tough-
ness of samples, it is not quite satisfactory to calculate the
crack trajectory. As a matter of fact, from the stress field, it
is normally possible to estimate the angle of the cone crack
and so to determine the trajectory. But results on angle and
trajectory are not consistent and it is necessary to modify,
for example, the Poisson’s ratio of the sample to deduce,
from the stress field, an angle in agreement with experimen-
tal results.46

Other authors47 use other criteria in finite element models.
The crack propagates in order to yield the maximum energy
release rate and the stress field is evolving with the crack
propagation, i.e. the stresses are relaxed along the crack.

Fig. C.1. Model for crack propagation: (a) initial position, (b) first increment of the crack, (c) second increment.

With this model, the results are very close to observations
on glass samples.

In the case of alumina chromium composites, we have
used a criterion based on the maximum energy release rate
in combination with the stress field given by Franck and
Lawn. In the model, the energy release rate is calculated by
the formula:

G = K2
I

E
+ 1 + ν

E
K2

II + 1 + ν

E
K2

III

where KI , KII and KIII are the stress intensity factors
in mode I, II and III, respectively, andE and ν are the
Young’s modulus and Poisson’s ratio of the sample. In the
Hertzian theory, stress fields are expressed in the symme-
try plane of the contact area, so mode I is calculated using
the first principal stressσ1, mode II using the shear stress
τzr and the mode III is nil. In our model, stress intensities
are calculated using the formalism developed by Franck and
Lawn:

KI = 2
(c0

π

)1/2
∫ c0

0

σ1

(c2
0 − c2)1/2

dc and

KII = 2
(c0

π

)1/2
∫ c0

0

τzr

(c2
0 − c2)1/2

dc

Calculations are carried out along the whole crack.
For the trajectory calculation, to determine the point

where the energy release rate is maximal, we use the fol-
lowing procedure:

• We place a flaw on the surface, near the contact area, with
a very small size compared to the cone length (Fig. C.1a).
Typically, the size is the same as the crack increment, of
the order of 1�m.

• A fixed indentation load is applied to the sample on the
spherical indenter. The stress field induced by this load is
known.

• Energy release along the flaw is calculated for the applied
load.

• At the crack tip, in a solid angleΩ, different possible
orientations for a fixed crack increment, are tested and
the energy release rate is compared to the previous one in
order to find the maximum (Fig. C.1b).

• Crack size is incremented in accordance to the maximum
of G. The new energy release rate, corresponding to the
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incremented crack, is calculated and the operation is iter-
ated at the new crack tip (Fig. C.1c).

• The external load is incremented to propagate the crack.
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